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Lecture 3: Eigenvectors and Eigenvalues, Inner 
Products
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Recap

• Vector spaces, linear dependence / independence, span, basis, Steinitz 
Exchange Principle, dimension of vector space

• Lagrange interpolation

• Linear transformations

➢ LT uniquely determined by action on a basis.  Connection to matrices.

➢ Kernel (nullspace) and image.  Rank-nullity theorem.

• Secret sharing

L1

L2



Definition of Eigenvectors and Eigenvalues

Simple example: what are eigenvectors and eigenvalues of 𝜑𝐴 for 𝐴 =
2 0
0 3

?

1
0

 is an eigenvector of eigenvalue 2, 
0
1

 is an eigenvector of eigenvalue 3.
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Definition of Eigenvectors and Eigenvalues

Another example: differentiation is a linear transformation on the class of infinitely-
differentiable real-valued functions.  Each function of the form 𝑐𝑒𝜆𝑥 is an eigenvector 
of eigenvalue 𝜆.

So, spec 𝜑 = ℝ.
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Definition of Eigenvectors and Eigenvalues

Can also have no eigenvectors/eigenvalues, such as for a rotation matrix 
cos 𝜃  −sin 𝜃
sin 𝜃 cos 𝜃

.

1
0

→
cos 𝜃
sin 𝜃

 and 
0
1

→
− sin 𝜃
cos 𝜃

5



Important Properties

Why subspace?

If 𝑣1, 𝑣2 ∈ 𝑈𝜆 then 𝑎1𝑣1 + 𝑎2𝑣2 ∈ 𝑈𝜆, because 

𝜑 𝑎1𝑣1 + 𝑎2𝑣2 = 𝑎1𝜑 𝑣1 + 𝑎2𝜑 𝑣2  = 𝜆 𝑎1𝑣1 + 𝑎2𝑣2 .

Set of eigenvectors of 
eigenvalue 𝜆, and 0𝑉

Same 𝜆!
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Important Properties

So, eigenvectors of the same eigenvalue form a subspace, and eigenvectors with 
different eigenvalues are linearly independent.
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Important Properties

(E.g., if 𝑉 has dimension 𝑛, and 𝜑 has 𝑛 distinct eigenvalues)

(But distinctness not required.  E.g., Identity transformation) 8



Inner Products

If over ℝ, then 𝜇 is symmetric, so 𝜇 𝑐𝑢, 𝑣 = 𝑐𝜇 𝑢, 𝑣 .  Over ℂ, get 𝜇 𝑐𝑢, 𝑣 = ҧ𝑐𝜇(𝑢, 𝑣). 

(some definitions do it the other way around, with 𝜇(⋅, 𝑣) as a linear transformation)

Either way, you also get 𝜇 𝑢1 + 𝑢2, 𝑣 = 𝜇 𝑢1, 𝑣 + 𝜇(𝑢2, 𝑣). 9

Define 𝑣 = ⟨𝑣, 𝑣⟩

𝜇 𝑐𝑢, 𝑣 = 𝜇(𝑣, 𝑐𝑢) = 𝑐𝜇(𝑣, 𝑢) = ҧ𝑐𝜇(𝑣, 𝑢)
= ҧ𝑐𝜇(𝑢, 𝑣). Using product of cc is cc of product 



Inner Products

If over ℝ, then 𝜇 is symmetric, so 𝜇 𝑐𝑢, 𝑣 = 𝑐𝜇 𝑢, 𝑣 .  Over ℂ, get 𝜇 𝑐𝑢, 𝑣 = ҧ𝑐𝜇(𝑢, 𝑣). 

What about 𝜇(𝑐𝑢, 𝑐𝑣)?  Get 𝑐 ҧ𝑐𝜇 𝑢, 𝑣 = 𝑐 2𝜇(𝑢, 𝑣).

𝑎 + 𝑏𝑖 𝑎 − 𝑏𝑖 = 𝑎2 + 𝑏2
10

Define 𝑣 = ⟨𝑣, 𝑣⟩

So 𝑐𝑣 = |𝑐|‖𝑣‖



Inner Products Examples

• 𝑓, 𝑔 1−׬ =

1
𝑓 𝑥 𝑔 𝑥 𝑑𝑥  is an inner product over the vector space of continuous 

functions from [-1,1] to ℝ.

• For 𝑥, 𝑦 ∈ ℝ2, 𝑥, 𝑦 = 𝑥1𝑦1 + 𝑥2𝑦2 is the usual inner product.  But 𝑥, 𝑦 = 2𝑥1𝑦1 +
𝑥2𝑦2 + 𝑥1𝑦2/2 + 𝑥2𝑦1/2 also defines an inner product.  

➢ 𝑥, 𝑐𝑦 = 𝑐⟨𝑥, 𝑦⟩.

➢ For 𝑦 = 𝑢 + 𝑣, get 𝑥, 𝑦 = 𝑥, 𝑢 + ⟨𝑥, 𝑣⟩.

➢ 𝑥, 𝑦 = ⟨𝑦, 𝑥⟩.
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➢ 𝑥, 𝑥 ≥ 0, since 2𝑥1
2 + 𝑥2

2 + 𝑥1𝑥2 ≥
1

4
𝑥1

2 + 𝑥2
2 + 𝑥1𝑥2 =

1

2
𝑥1 + 𝑥2

2
≥ 0.



Important Properties
Proposition 3.1 (Cauchy-Schwartz): for any two vectors 𝑢, 𝑣 ∈ 𝑉,

𝑢, 𝑣 2 ≤ 𝑢, 𝑢 ⋅ 𝑣, 𝑣

Or equivalently,
𝑢, 𝑣 ≤ 𝑢 ⋅ ‖𝑣‖

where 𝑢 = 𝑢, 𝑢 .

Proof 1 (case of 𝑉 = ℝ𝑑):

• The left-hand-side is the length of 𝑣 times 
the length of the projection of 𝑢 onto 𝑣. 

• Since orthogonal projection can’t increase 
length, this is ≤ right-hand-side.

𝑢

𝑣
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Important Properties
Proposition 3.1 (Cauchy-Schwartz): for any two vectors 𝑢, 𝑣 ∈ 𝑉,

𝑢, 𝑣 2 ≤ 𝑢, 𝑢 ⋅ 𝑣, 𝑣

Or equivalently,
𝑢, 𝑣 ≤ 𝑢 ⋅ ‖𝑣‖

where 𝑢 = 𝑢, 𝑢 .

Proof 2 (general case):

• If 𝑣 = 0𝑉 then trivial, so can assume 𝑣 ≠ 0𝑉 and so 𝑣, 𝑣 > 0.

• Let 𝑤 = 𝑎𝑢 + 𝑏𝑣.  Get 0 ≤ 𝑤, 𝑤 = 𝑎 2 𝑢, 𝑢 + 𝑏 2 𝑣, 𝑣 + ത𝑎𝑏 𝑢, 𝑣 + ത𝑏𝑎⟨𝑣, 𝑢⟩.

• Set 𝑎 = 𝑣, 𝑣 , 𝑏 = −⟨𝑢, 𝑣⟩.  Get 𝑣, 𝑣 2 𝑢, 𝑢 + 𝑢, 𝑣 2 𝑣, 𝑣 − 2 𝑢, 𝑣 2 𝑣, 𝑣 .

•  = 𝑣, 𝑣 𝑣, 𝑣 𝑢, 𝑢 − 𝑢, 𝑣 2 .   Since 𝑣, 𝑣 > 0, the 2nd term must be ≥ 0.

And is a real 
number
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Important Properties

Proof:

• Let 𝑥 = 𝑢 − 𝑣, 𝑦 = 𝑣 − 𝑤.  Want to show: 𝑥 + 𝑦 ≤ 𝑥 + ‖𝑦‖.

(triangle inequality)

• Square both sides.  

➢ LHS = 𝑥, 𝑥 + 𝑥, 𝑦 + ⟨𝑦, 𝑥⟩ + 𝑦, 𝑦 ≤ 𝑥, 𝑥 + 2 𝑥 𝑦 + 𝑦, 𝑦 = 𝑥 + 𝑦 2.
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Cauchy-Schwartz



Important Properties

(triangle inequality)
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Important Properties
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Reminder: hwk1 due Wednesday
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   𝜑 A


  A =    [    2   0   0   3 ]


   [    1   0 ]


   [    0   1 ]


  c  e  𝜆 x


  𝜆


   ( 𝜑 ) = ℝ


   [     cos ⁡  𝜃     − sin ⁡ 𝜃    sin ⁡  𝜃        cos ⁡ 𝜃 ]


   [    1   0 ] →  [     cos ⁡ 𝜃    sin ⁡ 𝜃 ]


   [    0   1 ] →  [    −  sin ⁡ 𝜃    cos ⁡ 𝜃 ]


   v 1 ,  v 2 ∈  U 𝜆


   a 1  v 1 +  a 2  v 2 ∈  U 𝜆


  𝜑  (  a 1  v 1 +  a 2  v 2 ) =  a 1 𝜑  (  v 1 ) +  a 2 𝜑  (  v 2 )   = 𝜆  (  a 1  v 1 +  a 2  v 2 ) .


  𝜆


   0 V


  𝜆


  V


  n


  𝜑


  n


  ℝ


  𝜇


  𝜇  ( c u , v ) = c 𝜇  ( u , v )


  ℂ


  𝜇  ( c u , v ) =  c - 𝜇 ( u , v )


  𝜇 ( ⋅ , v )


  𝜇  (  u 1 +  u 2 , v ) = 𝜇  (  u 1 , v ) + 𝜇 (  u 2 , v )


   ‖ v ‖ =  ⟨ v , v ⟩


  𝜇  ( c u , v ) =   𝜇 ( v , c u ) - =   c 𝜇 ( v , u ) - =  c -   𝜇 ( v , u ) - =  c - 𝜇 ( u , v )


  ℝ


  𝜇


  𝜇  ( c u , v ) = c 𝜇  ( u , v )


  ℂ


  𝜇  ( c u , v ) =  c - 𝜇 ( u , v )


  𝜇 ( c u , c v )


  c  c - 𝜇  ( u , v ) =    | c | 2 𝜇 ( u , v )


   ( a + b i )  ( a − b i ) =  a 2 +  b 2


   ‖ v ‖ =  ⟨ v , v ⟩


   ‖ c v ‖ = | c | ‖ v ‖


   ⟨ f , g ⟩ =


    ∫  − 1 1  f  ( x ) g  ( x ) d x


  ℝ


  x , y ∈  ℝ 2


   ⟨ x , y ⟩ =  x 1  y 1 +  x 2  y 2


   ⟨ x , y ⟩ = 2  x 1  y 1 +  x 2  y 2 +  x 1  y 2 / 2 +  x 2  y 1 / 2


   ⟨ x , c y ⟩ = c ⟨ x , y ⟩


  y = u + v


   ⟨ x ,   y ⟩ =  ⟨ x , u ⟩ + ⟨ x , v ⟩


   ⟨ x ,   y ⟩ = ⟨ y , x ⟩


   ⟨ x ,   x ⟩ ≥ 0


  2  x 1 2 +  x 2 2 +  x 1  x 2 ≥  1 4  x 1 2 +  x 2 2 +  x 1  x 2 =    (  1 2  x 1 +  x 2 ) 2 ≥ 0


  u , v ∈ V


     |  ⟨ u , v ⟩ | 2 ≤  ⟨ u , u ⟩ ⋅  ⟨ v , v ⟩


   |  ⟨ u , v ⟩ | ≤  ‖ u ‖ ⋅ ‖ v ‖


   ‖ u ‖ =   ⟨ u , u ⟩


    V = ℝ d


  v


  u


  v


  ≤


  u


  v


  u , v ∈ V


     |  ⟨ u , v ⟩ | 2 ≤  ⟨ u , u ⟩ ⋅  ⟨ v , v ⟩


   |  ⟨ u , v ⟩ | ≤  ‖ u ‖ ⋅ ‖ v ‖


   ‖ u ‖ =   ⟨ u , u ⟩


  v =  0 V


  v ≠  0 V


   ⟨ v , v ⟩ > 0


  w = a u + b v


  0 ≤  ⟨ w , w ⟩ =    | a | 2  ⟨ u , u ⟩ +    | b | 2  ⟨ v , v ⟩ +  a - b  ⟨ u , v ⟩ +  b - a ⟨ v , u ⟩


  a =  ⟨ v , v ⟩ ,   b = −   ⟨ u , v ⟩ -


     ⟨ v , v ⟩ 2  ⟨ u , u ⟩ +    |  ⟨ u , v ⟩ | 2  ⟨ v , v ⟩ − 2    |  ⟨ u , v ⟩ | 2  ⟨ v , v ⟩ .


  =  ⟨ v , v ⟩  (  ⟨ v , v ⟩  ⟨ u , u ⟩ −    |  ⟨ u , v ⟩ | 2 )


   ⟨ v , v ⟩ > 0


  ≥ 0


  x = u − v ,   y = v − w


   ‖ x + y ‖ ≤  ‖ x ‖ + ‖ y ‖


   ⟨ x , x ⟩ +  ⟨ x , y ⟩ + ⟨ y , x ⟩ +  ⟨ y , y ⟩ ≤  ⟨ x , x ⟩ + 2  ‖ x ‖  ‖ y ‖ +  ⟨ y , y ⟩ =    (  ‖ x ‖ +  ‖ y ‖ ) 2

